9.2 - Runge-Kutta Methods

A generalization of Euler’s formula is y,+1 = y, + h(wik; + woky + - + wp k),
where the quantity in parentheses is a weighted average of slopes.

m
Notes: ), w; = 1, k; are recursively defined, and m is the order of the method.
i=1

Definition: For y,.; = y, + hf(xy,, yn), we have m = 1, w; = 1, and
ki = f(xn, yn). Thus Euler’s method is a first-order Runge-Kutta method.

For reference: A second-order Runge-Kutta method has the form

VYn+1 = Ynth(wik;+wyks), where ky = f(x,, yn) and ks = f(x,+ah, y,+ fhky).
When w; + wy = 1, woa = 1/2, and w8 = 1/2, the results agree with a Taylor
polynomial of degree 2. (Note that this is only one choice for the constants; there
are others, though we won't be exploring that.) If we choose w, = 1/2, then
wy; = 1/2,and @ = f = 1. The result agrees with the improved Euler’s method,
thus making it a second-order Runge-Kutta method.

A fourth-order Runge-Kutta method (RK4)

An RK4 method uses a weighted average of four slopes to approximate y-values.
The basis of the technique is to find parameters so the formula

VYne1 = Y + h(wiky + woky + wsks + wyky), where

ki = f(xn, yn)

ky = f(x, + aih, y, + B1hk,)

ks = f(x, + axh, y, + Pohk; + Pshk,)

ky = f(x, + ash, y, + Pshk; + Bshk, + Pshks)

agrees with a 4th-degree Taylor polynomial. The resulting system has 11 equa-
tions in 13 unknowns, and common choices for the parameters yields



h
yn+1 = yn + g(kl + 2k2 + 2k3 + k4)

kl — f(xm }/n)
1 1
kz = f(xn + Eh, yn + Ehkl)

1 1
k3 = f(xn + Eh, yn + Ehkz)

k4 = f(xn + h, yn + hkg)
Local and global truncation errors using RK4 are O(h®) and O(h*), respectively.

Example: Use the RK4 method with & = 0.1 to obtain a four-decimal approxi-
mation of the indicated value.

y =4x — 2y, y(0) = 2; y(0.5)




